Abstract. This paper proposes a design method for discrete abstractions of nonlinear systems using multi-resolution quantizer, which is capable of handling state dependent approximation precision requirements. To this aim, we extend the notion of quantizer embedding, which has been proposed by the authors' previous works as a transformation from continuous-state systems to discrete-state systems, to a multi-resolution setting. Then, we propose a computational method that analyzes how a locally generated quantization error is propagated through the state space. Based on this method, we present an algorithm that generates a multi-resolution quantizer with a specified error precision by finite refinements. Discrete abstractions produced by the proposed method exhibit non-uniform distribution of discrete states and inputs.
Introduction
The problem of deriving a finite automaton that abstracts a given continuousstate system is called the discrete abstraction problem. A finite-state system is suitable for an abstract model since various difficult properties of continuousstate systems: nonlinearity, discontinuity, and non-convexity, ... can be handled in a uniform manner in a symbolic space. Until today, various techniques of discrete abstraction has been developed, and many of them are based on partitioning of state space. In [1] [2] [7] , conditions for partitions that define discrete abstractions with deterministic transitions are discussed. On the other hand, in [3] [4], instead of considering discrete abstractions of the open-loop behavior of continuous systems, a hierarchical controller composed of a symbolic transition system and a feedback controller that moves the continuous state to one region to another is proposed. There have also been much attention paid on building a symbolic system whose behavior includes the behavior of a continuous system. Such symbolic abstractions have been used for verification problems in [6] , and for supervisory control in [8] [9] .
Recently, discrete abstraction methods based on approximate bisimulation [10] has gained growing attention. Approximate bisimulation is an extension of the original bisimulation to metric space. It admits equivalence relation between two systems if the distance of output signals can be kept within a given threshold.
Until now, it has been shown that discrete abstraction of a wide range of systems can be obtained based on approximate bisimulation. In [11], a procedure for constructing approximately bisimilar finite abstractions of stable discretetime linear systems has been derived. In [12] and [13] , it has been shown that a general nonlinear system with the so-called incremental stability property can be abstracted by a uniform grid. The authors have also investigated the application of approximate bisimilar discrete abstractions to optimal control of linear systems with non-convex state constraints in [14] , and to interconnected systems in [15] . Discrete abstraction based on approximate bisimulation is especially suitable for control problems with a quantitative performance measure. It also has an advantage that it does not require expensive geometric computations. To date, however, it has the following limitations. First, the error condition in the conventional approximate bisimulation is uniform. From practical perspectives, it is desirable to support non-uniform error margin (for an example, error margin proportional to the norm of the signal itself). Second, the distribution of discrete states is also uniform. This means that the number of discrete states grows exponentially with respect to the dimension of the state space.
Motivated by the above backgrounds, this paper proposes a method for the design of discrete abstractions of nonlinear systems using multi-resolution quantizers. By using multi-resolution quantizers, one can design discrete abstract models with non-uniform distribution of states and inputs that approximate a given continuous-state system under state-dependent approximation precision requirements. Moreover, it also enables us to produce less conservative results compared to other conventional methods based on uniform discretization. To this end, in Section 2 we define the notion of finite-step abstraction. This notion admits an equivalence between two systems if any finite-step state trajectories of two systems generated with the same input signal satisfy a certain error criterion. In Section 3, we extend the notion of quantizer embedding, which has been presented in [14] and [15] , to multi-resolution setting. This reduces the design of a discrete abstraction to the design of a pair of multi-resolution meshes, one is defined in the state space and another in the input space. In Section 4, we first discuss how to verify if a discrete model defined as a quantizer embedding with a given mesh satisfies the condition of the finite-step abstraction. This is basically done by computing how a locally generated quantization errors are propagated over the state space. Next, based on this verification method, we propose an algorithm that iteratively refines a multi-resolution mesh until the resultant quantizer-embedding is a finite-step abstraction of the original system. In Section 5, some illustrative examples are shown for demonstrating the effectiveness of the proposed method. Notation: We write [i 1 : i 2 ] to express the sequence of integers i 1 , i 1 + 1, . . . , i 2 . For an integer sequence I = [i 1 : i 2 ], u I = {u i1 , u i1+1 , . . . , u i2 }. The symbol R denotes the field of real numbers and the symbol Z + denotes the set of nonnegative integers. For a vector x ∈ R n , the symbol x ∞ denotes the ∞-norm of x; x ∞ = max i∈ [1:n] |x i |.
